ABSTRACT. We study global transverse Poincaré sections and give topological conditions for their existence, showing they never exist in many important cases. We prove that an energy hypersurface possessing global transverse Poincaré section is equivalent to the hypersuface having a cosymplectic structure. We give a family of Hamiltonian systems with global Poincaré sections of all possible topologies. Finally, we address the question of when a compact hypersurface of a symplectic manifold possesses an induced cosymplectic structure.
INTRODUCTION
There has been a recent resurgence of interest in global surfaces of section, whose applications range from systolic inequalities in Riemannian geometry [1] to the existence of periodic orbits in equations of celestial mechanics (see for instance [5] and [2] for two examples among many). The difficulty of finding closed global surfaces of section (sometimes called ideal sections or alternatively global transverse Poincaré sections) was already noted by Birkhoff [3] . As a result, one is usually considers global sections with boundary (as in the case of [5] or [2] ) or tries to study sections which are transverse but not complete in the traditional sense (as found in [6] ).
Necessary topological conditions for the existence of ideal sections have been given in, for example, [4] where it was proved that that the existence of such a section is impossible for compact energy surfaces of natural two degree of freedom Hamiltonian systems of most topologies. Other work includes [6] , which proves that ideal sections do not exist for energy surfaces of time reversal symmetric Hamiltonians. A good general description of the conditions for global transverse Poincaré sections, however, is still lacking.
Here, we prove a compact energy surface in possessing such a section has a cosymplectic structure. This immediately gives topological restrictions on energy surfaces possessing such sections, generalizing results found in [4] and [6] and providing a geometrical explanation for the difficulty of finding examples of this dynamical object. We will show that such sections never exist in many important cases. Some particular results include Such a statement eliminates the possibility of finding an ideal section for many classical dynamical systems including most systems coming from celestial mechanics. Having ruled out the possibility of global transverse Poincaré sections in what is, arguably, one of the most important cases, we give some sundry results on obstructions to their existence in other cases and examine the question of when an arbitrary hypersurface in a symplectic manifold possesses a cosymplectic structure. First we will give some preliminaries:
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• Every orbit of the flow intersects Σ in forward and backward time.
The dynamics is then essentially governed by a return map of the 2n − 2 dimensional submanifold Σ. Note, however, that the existence of the boundary ∂Σ can complicate things. In the ideal case, the Hamiltonian flow is everywhere transverse to Σ and Σ is then closed embedded submanifold. Σ is then called a global transverse Poincaré section Definition 3. A cosymplectic manifold Z of dimension 2n−1 is a manifold equipped with a closed one-form α and closed two-form β such that α ∧ β n−1 is a volume form on Z.
As α is closed, ker(α) gives a integrable distribution on Z. The associated foliation is regular. Moreover each leaf of the foliation L has an induced symplectic form given by ι * L β, where ι L is the canonical inclusion function. A cosymplectic manifold is a regular Poisson manifold equipped with a transverse Poisson vector field. In the case that Z is a compact manifold and L is a compact leaf, upon dragging the leaf by the Poisson vector field v, one can see that in this case a cosymplectic manifold is equivalent to the following construction:
Definition 4. Let L be a symplectic manifold and f a symplectomorphism of L. A symplectic mapping torus with holonomy f and fibre L is the suspension manifold
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NON-EXISTENCE OF SECTIONS FOR EXACT SYMPLECTIC SUBMANIFOLDS
In this section we will prove that Hamiltonian systems (H, ω, M ) on exact symplectic submanifolds never possess global transverse Poincaré sections. Theorem 1 is then, of course, an important corollary of this fact. Proof. Let i : Σ ֒→ M be the inclusion map. We need to show that the restriction of ω to Σ, i * Σ, is non-degenerate. Consider the tubular neighbourhood of Σ in Z formed by flowing Σ by the vector field X H for a small time interval (−ε, ε). Denote the time-t flow of X H by Φ t X H As X H is transverse to Σ, we have that U is diffeomorphic to Σ × (−ε, ε) with an explicit diffeomorphism given by
We equip U with the coordinates (p, t). Now, let v ∈ T p Σ be such i * ω(v, w) = 0 for all w ∈ T p Σ. We will prove v = 0. We have ι X H ω(i * v) = dH(i * v) = 0 as v is tangent to the level sets of H. Similarly, let G be a function which is agrees withG(p, t) = t on U and let X G be the corresponding Hamiltonian vector field with Hamiltonian G. Then we have that ι X G ω(i * v) = dG(i * v) = 0 as v is tangent to the level sets of G.
It is well-known that exact symplectic manifolds do not possess compact symplectic submanifolds as a symplectic form on a compact submanifold Σ cannot be closed if dim Σ ≥ 2. Whence we have Recalling that the canonical symplectic form on a cotangent bundle T * M is exact then, we have theorem 1.
TOPOLOGICAL CONDITIONS ON GENERAL SYMPLECTIC SUBMANIFOLDS
The previous proposition rules out global Poincaré sections in the case that the symplectic manifold is exact. In the case that it is non-exact, the following proposition will result in some topological obstacles to the existence of global Poincaré sections for both the energy level set and the ambient symplectic manifold. Proof. As noted in [4] , the existence of a global Poincaré section equips Z with the structure of mapping torus with fibre Σ as follows: Let p be a point in Σ. Denote by T (p) the first return time of p to the section sigma. T (p) is automatically smooth and finite on Z due to our assumption that the section is global transverse. The Poincaré map is given by
The following is then a diffeomorphism from a mapping torus M Σ,φ with fibre Σ and holonomy φ to Z.
Such a mapping torus is a S 1 -fibre bundle and so comes equipped with a closed canonical nowhere vanishing one form α, restricting to zero on fibres, which can be realised as the pull back of the generator dθ ∈ H 1 (S 1 ) under the projection map π : M Σ,φ → S 1 projecting the mapping torus to its base. Moreover, as X H is transverse to each fibre the restriction of ω to fibres is symplectic. Then (ω| Z ) n−1 ∧ α is nowhere vanishing on Z, where ω| Z is the restriction of ω to Z. Whence, Z is cosymplectic.
Remark 8. The fact that the Poincaré map is symplectic is of course part of classical literature and the above theorem could be proven by a easy extension of the method found in e.g. [9]. However the above proof illuminates the cosymplectic nature of the manifold and is more suited to the following discussions.
The above theorem puts immediate obvious restrictions on the topology of an energy surface possessing an global transverse Poincaré section using a well known fact on cosymplectic manifolds. Proof. By proposition 12, as Z is cosymplectic there exists a symplectic vector field X transverse to Z such that the defining one form of the symplectic foliation on Z is given by α = ι X (ω). It is clear that dH(X) = 0 and so α(X H ) = ι X ω(X H ) = −ω(X H , X) = dH(X) = 0. This implies that X H is everywhere transverse to the symplectic foliation. Note that a leaf of the foliation for a general α may not be compact. However, as in the proof of the Tischler theorem [11] we can approximate α up to arbitrary precision by the rational sum of pullbacks of generators of the circle. Explicitly, for every ε, there exists some α ′ so that α − α ′ < ε and α ′ is of the form
where dθ is the canonical generator of H 1 (S 1 ). Furthermore, as proved in [11] , the foliation defined by such a one-form is a fibration, each fibre of which is necessarily compact as Z is. As α(X H ) = 0 is an open condition, then, we can find a one-form α ′ such that α ′ (X H ) = 0 and α ′ is of the above form. As M is compact and X H is everywhere transverse the symplectic foliation, an orbit of X H will intersect a chosen leaf L of the foliation in forward and backward time. Whence, L is a global transverse Poincaré section for X H .
EXAMPLES WITH ENERGY SURFACES OF ALL POSSIBLE TOPOLOGIES
We will now show that there are no further technical obstructions to the existence of an ideal section, to wit, given any cosymplectic manifold N we form a Hamiltonian system (H, M, ω) which has as level energy surface N and an associated global Poincaré section. Proposition 11. Let N be a cosymplectic manifold. There exists symplectic manifold (M, ω) and a Hamiltonian H ∈ C ∞ (M ) such that H −1 (0) = N and X possesses an ideal section whose associated cosymplectic symplectic structure is that of N .
Proof. Consider the manifold M = N × S 1 . Let α and β denote the defining one and two forms of the cosymplectic structure on N and dθ the canonical generator of H 1 (S 1 ). Denote by π N and π S 1 the projection to the N and S 1 factors of M . Then M possesses a symplectic form given by
Now let H be function which is constant on the submanifold N × {0}, for example H = sin θ. Then the Hamiltonian vector field associated to H is given by c∂ t . Let L be a leaf of the symplectic mapping torus. Then X H is everywhere transverse to L and so L is an ideal section associated to the flow of X H .
COSYMPLECTIC HYPERSURFACES
Motivated by the previous sections, we ask which hypersurfaces of a symplectic manifold possess a cosymplectic structure, and so a global transverse Poincaré section. Paralleling the contact case, then, a global Poincaré section or cosymplectic structure exists on a level energy surface if and only if the hypersurface possesses a certain transverse vector field -in the case of the contact forms the associated vector field is Liouville, in the cosymplectic case the vector field is symplectic. Proof. Assume that Z possesses a transverse symplectic vector field. We will prove the existence of the defining one and two forms of a cosymplectic manifold. Let X be a symplectic vector field everywhere transverse to the hypersurface Z. Then the form α = ι X ω is nowhere vanishing due to the non-degeneracy of ω. Furthermore α is closed as
and so α is the defining one-form of the foliation. Now let i be the inclusion function i : Z ֒→ M . Then ι * (ω) is closed, as ω is. Furthermore, α ∧ i * (ω) n−1 is a volume form: let v 1 be the symplectic vector field transverse to Z and let (v 2 , ...v 2n ) be a family of vectors spanning T p Z. Identifying the vectors v i and i * v i we have
which is nowhere zero as ω is non-degenerate. i * ω is then the defining two-form of the foliation. Now let (M, ω) be a symplectic manifold with a cosymplectic hypersurface Z. Consider the symplectic form Finally we will prove that, in certain cases, the existence of a Hamiltonian system possessing an global transverse Poincaré section gives topological requirements on the ambient symplectic manifold, in addition to those on the hypersurface itself. First we need a simple lemma:
Lemma 13. Let X be a vector field which transverse to a hypersurface N and symplectic at N . If H 1 (M ) = 0 then there is a vector field X ext such that X ext is a global symplectic vector field transverse to N .
Proof. Recall that as M is simply connected all symplectic vector fields are Hamiltonian. Let α be the one form ι X ω. As N is closed α admits a global extension to M . Let H be a primitive of α. Then the Hamiltonian vector field associated to H is a symplectic vector field whose restriction to N is X.
The idea for the following proposition was helpfully given by Klaus Niderkrüger in [10] . Proof. As M is symplectic it has an associated volume form given by ω n and any symplectic vector field will preserve the symplectic volume of each component. As M is simply connected, any closed hypersurface Z separates M into two components G 0 and G 1 . But then the (either forward or backward) flow of the symplectic vector field transverse to such a Z will map G 0 into a subset of M , properly containing G 0 , of the same volume, which is a contradiction. 
